We show that the effective actions of D-brane and M-brane are solutions to the Hamilton-Jacobi (H-J) equations in supergravities. This fact means that these effective actions are on-shell actions in supergravities. These solutions to the H-J equations reproduce the supergravity solutions that represent D-branes in a B 2 field, M2 branes and the M2-M5 bound states. The effective actions in these solutions are those of a probe D-brane and a probe M-brane. Our findings imply a relation between the onshell action in supergravity and the effective action in the dual gauge theory, and can be applied to a study of the holographic renormalization group and a search for new solutions of supergravity.
Introduction
In this paper, we show that the D-brane effective action (the Born-Infeld action plus the Wess-Zumino action) is a solution to the Hamilton-Jacobi (H-J) equation of type IIA (IIB) supergravity and that the M-brane effective action is a solution to the H-J equation of 11-dimensional (11-d) supergravity. This fact means that the effective actions of D-brane and M-brane are on-shell actions in supergravities. We also show that these solutions to the H-J equations reproduce the supergravity solutions which represent a stack of D-branes in a B 2 field, a stack of M2-branes and a stack of the M2-M5 bound states. In fact, we reported the case of D3-brane in our previous publication [1] , and in this paper we generalize our previous result to the cases of Dp-branes and M-branes. The strategy of our calculation is as follows. We reduce type IIA(IIB) supergravity on S 8−p , and obtain a (p + 2)-dimensional gravity. Adopting the radial coordinate as time, we develop the canonical formalism based on the ADM decomposition for this (p+2)-dimensional gravity and obtain the H-J equation. We solve the H-J equation under the condition that the fields be constant on fixed-time surfaces, and find that the Dp-brane effective action is a solution to the H-J equation and reproduces the supergravity solution of a stack of Dp-branes in a B 2 field. We note here that the near-horizon limit of this supergravity solution with p = 3 is conjectured to be dual to noncommutative Yang Mills (NCYM) [2, 3] . The fixed-time surface whose dimension is p + 1 corresponds to the worldvolume of a probe Dpbrane, and the radial time represents the position of the probe Dp-brane. We also reduce 11-d supergravity on S 7 and S 4 , repeat the above steps, and obtain the M2 and M5 brane effective actions as solutions to the H-J equations, respectively. We find that these solutions to the H-J equation reproduce the supergravity solutions of a stack of M2-branes and a stack of the M2-M5 bound states, respectively. Furthermore, by using the SL(2, R) symmetry in type IIB supergravity and the relation of type IIA supergravity with 11-d supergravity, we obtain solutions to the H-J equations that reproduce the supergravity solutions representing (p, q) strings and (p, q) 5-branes in type IIB supergravity and NS 5-branes in type IIA supergravity.
Our findings have the following implications and applications. First, as was emphasized in Ref. [1] , our result implies a relation between the on-shell action in supergravity and the effective action in the Coulomb branch of the dual gauge theory [4, 5] . It is actually conjectured in Ref. [6] that the effective action of N = 4 super Yang Mills in the Coulomb branch takes the form of the D3-brane effective action in the 't Hooft limit. Hence, our result is useful for establishing gauge/gravity correspondence beyond AdS/CFT correspondence, for example, correspondence between NCYM and gravity.
Second, our findings can be applied to the study of the holographic renormalization group.
The authors of Ref. [7] derived the holographic renormalization group from the H-J equation in supergravity. They found that the lowest term in the derivative expansion of the on-shell action possesses informations on the beta functions and the anomalous dimensions in the dual gauge theory. The solution found in this paper also corresponds to the lowest term in the derivative expansion. Hence, it may possess some informations on the beta functions and the anomalous dimensions in the dual nonconformal gauge theories and the dual NCYM if the gauge/gravity correspondence holds for those theories.
Third, our result suggests that the H-J method should be practically useful for finding constants. We can reduce the original equations of motion in supergravity, which are the second order differential equations, to the first order ones by using the solution, and obtain as many conserved quantities as the number of the arbitrary constants. We may solve the first order equations to find a new solution of supergravity, using these conserved quantities.
Alternatively, we can search for a new solution to the H-J equation that generalizes the present solution and includes more arbitrary constants.
The present paper is organized as follows. In section 2, we develop the Hamilton-Jacobi method in general constrained systems. In section 3, we perform reductions of supergravities on higher-dimensional spheres. In section 4, we develop the canonical formalism for the reduced gravities obtained in section 3 to derive the H-J equations. In section 5, we find that the Dp-brane effective action is a solution to the H-J equation of the reduced gravity and reproduces the supergravity solution of a stack of D3-branes in a B 2 field. Section 6 is devoted to the similar calculation in the cases of M2-brane and M5-brane. In section 7, using the SL(2,R) symmetry in type IIB supergravity and the relation between 11-d supergravity and type IIA supergravity, we obtain solutions to the H-J equations that reproduce the supergravity solutions of (p, q) string and (p, q) 5-brane in type IIB supergravity and of NS 5-brane in type IIA supergravity. Section 8 is devoted to discussion and perspective. In appendix A, the equations of motion in supergravities are listed. In appendix B, we write down the ansatz for the fields made in performing a reduction of type IIA(IIB) supergravity on S 8−p .
H-J method in constrained systems
Let us consider a classical system with n degrees of freedom and k first class constraints.
Suppose the action of the system is given in the canonical form: 
Let q i =q i (τ ) and p i =p i (τ ) be a solution to the above equations of motion which satisfies the boundary conditionsq i (t) = x i . Substituting this classical solution to the action gives the on-shell action, which can be regarded as a function of the boundary positions x i and the final time t.
3)
The variation of S with respect to x i and t is given by δS = (p i (t)q i (t) − H(p(t),q(t), t))δt
Using the equations of motion (2.2) and integrating the righthand side of (2.4) partially, one
Here the last line in (2.5) vanishes, since
Noting thatq i (t + δt) + δq i (t + δt) = x i + δx i , one obtains δq i (t) = δx i −q i (t)δt. Therefore, (2.5) reduces to 6) which is equivalent to the equations
Finally, one obtains the equations satisfied by the on-shell action S, the H-J equations:
Suppose a solution to (2.8) is given. Then, the canonical momenta are represented in terms of x i by using the second equation in (2.7). It follows that the equations of motion (2.2) reduce to a set of the first order differential equations only for q i . Thus one can simplify the problem of solving the equations of motion.
It is well-known that the H-J equation is in general more powerful as seen in below. First, note that if S is a solution to the above equations, S + σ is also a solution to it, where σ is a arbitrary constant. Let the above solution possess l arbitrary constants β 1 , · · · , β l that are not the trivial additive constant σ. Then, the following quantities are conserved quantities:
In fact, on one hand,
On the other hand, from (2.8) and the arbitrariness of β s , we obtain
Summing the two equations in (2.11) and using (2.2) and (2.10) gives
In particular, when l = n, it follows that β i and γ i are new canonical momentum and new coordinates which are obtained from the canonical transformations generated by S, respectively, and are constant with respect to the time. One can completely solve the problem by using the second equation in (2.7) and (2.9).
3 Reductions of type IIA(IIB) and 11-d supergravities on higher dimensional spheres
In this section, we perform reductions of supergravities on higher dimensional spheres. We will regard the fixed-time surface as the worldvolume of the p-brane (Dp-brane or M2-brane or M5-brane) later. Hence, we will reduce supergravity to a (p + 2)-dimensional gravity.
First, in order to fix the conventions, we write down the actions of type IIA(IIB) and 11-d supergravities. In this paper, we drop the fermionic degrees of freedom consistently. In the following equations,
where the appropriate metric is used for the contractions, and C p+1 is the R-R (p + 1)-form. The bosonic part of type IIA supergravity is given by
where
The bosonic part of type IIB supergravity is given by
One must also impose the self-duality condition * F 5 =F 5 (3.5)
on the equations of motion derived from the above action. The bosonic part of 11-d supergravity is given by
We list all of the equations of motion and the Bianchi identities in these supergravities in appendix A.
Let us consider a reduction of type IIA(IIB) supergravity on
, where p takes 0, 2, 4, 6 for type IIA supergravity and 1, 3, 5, 7 for type IIB supergravity. We split the
, where the ξ α are (p + 2)-dimensional coordinates and the θ i parametrize S 8−p . We make the following ansatz for the ten-dimensional metric, which preserves the (p + 2)-dimensional general covariance:
We assume that the dilaton depends only on ξ α1 :
The ansatzes for the other fields are summarized in appendix A. Here, as an example, we perform the reduction for the p = 6 case explicitly. The reductions for the other cases can be performed in the same way as the p = 6 case. The ansatzes for the other fields in the p = 6 case are
By substituting (3.7), (3.8) and (3.9) into the equations of motion and the Bianchi identities in type IIA supergravity in appendix A, we obtain the following equations in eight dimensions.
One can easily verify that these equations are derived from I 8 , which we will describe below.
Applying this procedure to the other p case, we obtain I p+2 . We have thus reduced type IIA(IIB) supergravity on S 8−p and obtain the (p+2)-dimensional gravities. These reductions are consistent truncations in the sense that every solution of I p+2 can be lifted to a solution of type IIA(IIB) supergravity.
Let us write down I p+2 explicitly. We first defineĨ p+2 bỹ
Here n takes 2, 4, · · · , p + 2 for type IIA supergravity and 1, 3, · · · , p + 2 for type IIB supergravity.Ĩ 2 is obtained by setting H 3 = 0 in (3.24). Then,
25)
26)
We perform reductions of 11-d supergravity on S 7 and S 4 in the same way as those of type IIA(IIB) supergravity. For a S 7 reduction, we make the following ansatzes:
where α, β run form 0 to 3. Then, we obtain a 4-dimensional gravity, which is a consistent truncation of 11-d supergravity,
= dA 3 . For a S 4 reduction, we make the following ansatzes:
where α, β run form 0 to 6. Then, we obtain a 7-dimensional gravity, which is also a consistent truncation of 11-d supergravity,
.
Canonical formalism and the H-J equations in the reduced gravities
In this section, we develop the canonical formalism for I p+2 , I
(M ) 4 and
obtained in the previous section. First we rename the (p + 2)-dimensional coordinates:
Here p takes 2 and 5 for I , respectively. Adopting r as time, we make the ADM decomposition for the (p + 2)-dimensional metric.
where n and n µ are the lapse function and the shift function, respectively. Hence force µ, ν run from 0 to p.
In what follows, we consider a boundary surface specified by r = const. and impose the Dirichlet condition for the fields on the boundary. Here we need to add the GibbonsHawking term [8] to the actions, which is defined on the boundary and ensures that the Dirichlet condition can be imposed consistently. Then, the (p + 2)-dimensional action I p+2
with the Gibbons-Hawking term on the boundary can be expressed in the canonical form as follows. For p = 0, 1, · · · , 5,
4)
I 8 and I 9 with the Gibbons-Hawking terms can be rewritten in the form (4.2) with p = 6 and p = 7, respectively, up to the terms including b 0 and b 1 . The differences will turn out not to be relevant for our purpose, so that we do not write down the precise canonical forms of I 8 and I 9 here.
Note that (4.2) takes the form of (2.1). Indeed, n, n µ and C rµ 1 ···µ n−2 play the roles of α a in (2.1). They give the constraints, H = 0, H µ = 0 and G C n−1 = 0, which are called the Hamiltonian constraint, the momentum constraint and the Gauss law constraint, respectively, and correspond to f a = 0 in (2.2). Note that (4.2) has no analogue of H in (2.1). It follows from the arguments in section 2 that the H-J equations of this system are given by
, π with the Gibbons-Hawking term is
with
The canonical form of I (M ) 7
with the Gibbons-Hawking term is
The H-J equations for I are derived in the same way as the one for I p+2 .
5 Dp-brane effective action as a solution to the H-J equation 5 .1 Dp-brane effective action as a solution
In this subsection, we find a solution to the H-J equation obtained in the previous section.
We assume that the fields are constant on the fixed-time surface. Let S 
In what follows, we show that the form
is a solution to (5.1), with
is an arbitrary constant anti-symmetric tensor, and σ p+1 is an arbitrary constant. As we discussed in section 6 in Ref. [1] ,
is the effective action of a probe Dp-brane while S c p+1 should be interpreted as the vacuum to vacuum amplitude and does not contribute to the effective action of the probe Dp-brane. Furthermore,
is interpreted as the U(1) gauge field strength in the world-volume.
Noting that
δB µν δφ
δρ ,
δg µν
δφ
(1) and (4) are easily calculated as
In order to calculate (2) and (3), we introduce the (p + 1) × (p + 1) matrices G and B:
Then, we have
Using this notation, we can express each term in (2) and (3) in terms of the trace of the p + 1 × p + 1 matrix and calculate (2) and (3) as follows: 
Dp-brane in a B 2 field
In this subsection, we see that S
p+1 obtained in the previous subsection reproduces the supergravity solution representing a stack of Dp-branes in a constant B 2 field. First, we examine the cases in which 2 ≤ p ≤ 6. For simplicity, let us consider the supergravity solutions with only B p−1p non-vanishing. These supergravity solutions were constructed in Ref. [9] , and they are also solutions of I p+2 taking the following forms:
Note that these supergravity solutions preserve 16 supersymmetries, and reduce to the ordinary Dp-brane solutions when θ = 0.
By varying I p+2 with respect to the canonical momenta, we obtain the relations between the canonical momenta and the r-derivatives of the fields. Using these relations, we calculate the values of the canonical momenta on the boundary specified by r =r: Bp−1p = 0,
On the other hand, S
p+1 gives the following canonical momenta:
We substitute the values of the fields in (5.10) into the right-hand sides of (5.13), setting
It can be verified that the right-hand sides of (5.13) reproduce the right-hand sides of (5.12) if α p+1 = 16 − 2p and β p+1 = (−1)
These conditions are consistent with (5.9).
Next, we compare the value of the on-shell action with that of S (0) p+1 directly. Substituting the values of the fields with r =r in (5.10) into (5.3), we obtain
Here, we set
Then, it follows from (5.2), (5.14) and (5.15) that
We calculate the values of the on-shell actions for (5.10) by substituting (5.12) withr replaced by r into (4.2). Noting that the constraints in (4.2) are satisfied on shell, we reproduce the value of S (0) p+1 for (5.10) as follows:
Thus, we have shown that S also reproduces the near-horizon limit of (5.10) with p = 3 [1] , which is conjectured to be dual to NCYM [3] . 
One can easily verify that the form
where σ M 2 is an arbitrary constant, satisfies the H-J equation if
M 2 is interpreted as a probe M2-brane effective action as in the case of the Dp-brane.
The supergravity solution representing a stack of M2-brane is also a solution of I
, which is given by
where µ, ν run from 0 to 3. We verified that S
M 2 with σ M 2 = 0 reproduces this solution when 6) which is consistent with (6.4).
M5-brane case
We adopt again the assumption that the fields are constant on the fixed-time surface. Let 
Let us consider the following form:
µνλ is an arbitrary constant completely anti-symmetric tensor, and σ M 5 is an arbitrary constant. We verified that (6.8) satisfies (6.7), up to the constraint
The equations of motion satisfied by M5-brane are determined by the space-time supersymmetry and the kappa symmetry [11, 12, 13] . These equations of motion are equivalent to the equations derived from the M5-brane effective action and the non-linear self-duality condition [14, 15] . The supergravity solution of the M2-M5 bound state is given in Ref. [10] , and it is also a solution of I (M ) 7 which takes the following form:
We verified that (6.8) with F 7 (p, q) string and (p, q) 5-brane in type IIB supergravity and NS 5-brane in type IIA supergravity 7.1 (p, q) string and (p, q) 5-brane
Let us recall the SL(2, R) symmetry in type IIB supergravity. It is convenient for this purpose to work in the Einstein frame and redefine the R-R 4-form. The Einstein metric is given by
and the new R-R 4-form is given by
2)
The type IIB supergravity action (3.3) is rewritten in terms of the Einstein metric and the new R-R 4-form:
One can easily check that the action (7.3) and the self-duality condition (3.5) is invariant under the following SL(2, R) transformation.
First, let us see how a solution to the H-J equation corresponding to (p, q) string is obtained. Noting that (7.1) implies that ρ (E) = ρ − φ, one can rewrite (5.1) with p = 1 in terms of the Einstein metric as follows.
= 0. (7.6) One can verify that this H-J equation is invariant under (7.5), which implies g
µν and ρ (E) ′ = ρ (E) . Therefore, the SL(2, R) transformed S
2 is also a solution to the H-J equation, which clearly reproduces the supergravity solution of (p, q) string.
Second, let us see briefly how a solution to the H-J equation corresponding to (p, q) 5-brane is obtained. We consider the p = 5 case of the reduction in section 3 with the ansatz for H 3 replaced by
Then, we obtain as a consistent truncation a seven-dimensional gravity, and rewrite it in terms of the Einstein metric and the new R-R 4 form:
where 10) and τ , M ij and F i 3 are formally the same in (7.4). (7.9) is invariant under the transformation (7.5) with
(7.11)
The transformation laws for B 6 and C 6 are determined by (7.11) . Clearly, the H-J equation derived from (7.9) is invariant under this SL(2, R) transformation. Therefore, by rewriting (5.2) with p = 5 in terms of the Einstein metric and the new R-R 4-form and applying the SL(2, R) transformation to it, we obtain a solution to the H-J equation reproducing the supergravity solution of (p, q) 5-brane.
NS 5-brane in type IIA supergravity
In this subsection, using the relation between 11-d supergravity and type IIA supergravity, we see that the NS 5-brane effective action is a solution to the H-J equation of supergravity and it reproduces the supergravity solution of NS 5-brane. In order to see the relation to type IIA supergravity, we consider a reduction of 11-d supergravity on S 3 × S 1 , which is different from the one done in section 3: 14) where α, β run from 0 to 6, and X 10 parametrizes S 1 . Then, we obtain as a consistent truncation a seven-dimensional gravity
We rewrite I (M ) 7 ′ in term of these new fields and obtain
This action is actually given by a consistent truncation of type IIA supergravity in which the ansatzes for the fields are
Thus, by rewriting (7.16) in terms of the fields in type IIA supergravity, we obtain the NS 5-brane effective action (plus the cosmological term) that is a solution to the H-J equa-
, a reduction of type IIA supergravity. Clearly, this solution reproduces the supergravity solution of NS 5-brane.
Discussion and perspective
In this paper, we found that S
p+1 is a solution to the H-J equation of type IIA(IIB) supergravity and it reproduces the supergravity solution representing Dp-branes in a constant
p+1 is not a complete solution to the H-J equation though it has some arbitrary constants. In other words, it should be obtained by making some of the arbitrary constants in a certain complete solution take specific values. It is interesting to see if S (0) p+1 can be generalized so that it includes more arbitrary constants and to look for a complete solution.
It is relevant to investigate what class of supergravity solutions S As is clear from the general argument in section 2, the quantities,
and δS
are constant with respect to the time, where we take the sign in (5.9) such that β p+1 = γ p+1 . We verified this statement by an explicit calculation. We also obtain other conserved quantities from the SL(2, R) transformed S
p+1 in type IIB supergravity, since it includes the continuous parameters of SL(2, R). As is discussed in section 2, we can reduce the equations of motion to a set of the first order differential equations by using S (0) p+1 . We may simplify these first order equations by using the conserved quantities so that we can answer the above question and/or find a new solution of supergravity. It is also interesting to consider a reduction more complicated than that on higher dimensional sphere and obtain another solution to the H-J equation of supergravity, which should be relevant gauge/gravity correspondence with less supersymmetries.
Finally, we make a remark on the case in which we perform a reduction on
We consider an ansatz for the metric 
Appendix A: Equations of motion and Bianchi identities
In this appendix, we list explicitly the equations of motion and the Bianchi identity for type IIA(IIB) and 11-d supergravities. The equations of motion for type IIA supergravity are The equations of motion for type IIB supergravity are The equations of motion for 11-d supergravity are 
